We extensively test a recent protocol to demonstrate quantum fault tolerance on three systems: (1) five spin qubits coupled to an environment with two-level defects, (2) a real-time simulation model of transmon quantum computers, and (3) the 16-qubit processor of the IBM Q Experience. In the simulations, the dynamics of the full system is obtained by numerically solving the timedependent Schrödinger equation. We find that the fault-tolerant scheme provides a systematic way to improve the results when the errors are dominated by the inherent control and measurement errors present in transmon systems. However, the scheme fails to satisfy the criterion for fault tolerance when decoherence effects become important.
A functional universal gate-based quantum computer requires a very high level of precision in implementing the quantum gates. In particular when the devices get bigger, it proves difficult to maintain this high level of qubit control [1] [2] [3] [4] [5] or to satisfy the requirements needed for a computing device [6] . To overcome these limitations, the most prominent solution is provided by the theory of fault-tolerant quantum computation [7] [8] [9] .
However, despite many experiments on quantum codes [10] [11] [12] [13] [14] , it has still remained an open question how much a practical application can profit from a full fault-tolerant protocol. Therefore, Gottesman proposed a test [15] that uses four physical qubits to encode two logical qubits, in combination with a criterion for a successful demonstration of fault tolerance. This criterion requires that all encoded circuits of some representative set perform better than the corresponding bare, unencoded circuits. The underlying error-detecting four-qubit code [16] [17] [18] has already been implemented with ion-trap qubits [19] and on IBM's 5-qubit processor [20, 21] . Each of these experiments reports a successful result, but none actually tests the proposed fault-tolerance criterion.
In this Letter, we report on an extensive test of the fault-tolerance criterion for three complementary systems. The first system consists of five spin qubits coupled to an environment with various weak and strong coupling strengths and at various temperatures. This system serves as a general model to study decoherence [22] [23] [24] . Despite the original goal of quantum error correction, we find that the fault-tolerant scheme fails to satisfy the success criterion. The second system is an upscaled version of the circuit Hamiltonian simulation used in [5] comprising five transmons and six resonators. The real-time dynamics of both the first and the second system are studied by numerically solving the timedependent Schrödinger equation (TDSE) with = 1,
where H(t) is the time-dependent model Hamiltonian and |Ψ(t) represents the state of the device at time t. A simulation at this level goes, by definition, beyond perturbative studies, master equations, and assumed Markovianity or completely-positive trace-preserving maps [25] [26] [27] . The third system is the 16-qubit device ibmqx5 provided by IBM [4] . We find very good agreement between the experiment on the physical device and the real-time simulation for the proper set of optimized gate pulses including measurement errors. The study suggests that using fault-tolerant schemes can systematically improve the performance with respect to the natural control errors happening in the system, as long as these errors are not dominated by decoherence effects. Fault tolerance. In the framework of quantum fault tolerance, logical qubits are encoded in multiple physical qubits to allow for the detection and correction of errors. Such a statement inevitably relies on a mathematical model for the errors that are supposed to happen in a physical quantum processor. Simple versions of these models are based on discrete, uncorrelated single-qubit errors or the possibility to describe the errors within the quantum operations formalism [28] , while more sophisticated studies consider non-Markovian errors in a general Hamiltonian framework [29] [30] [31] [32] [33] . The results of these studies are so-called threshold theorems, stating that as long as some parameter in the model is below a certain threshold, arbitrarily long quantum computation is possible.
However, as these threshold theorems are only valid within the mathematical model, it is unclear whether a particular quantum error-correcting scheme is benefi- cial in an actual application. For instance, the thresholds are usually expressed in terms of the diamond norm [34] , which is experimentally inaccessible. And although progress has been made to relate this quantity to the average gate fidelity [35, 36] , recent studies have demonstrated that this fidelity, too, cannot be measured in a physical quantum information processor [37] . In fact, it was shown in two independent studies that none of these error metrics can reliably predict the performance of quantum gates in a practical application [5, 27] . The fault-tolerant scheme that we test in this study was explicitly designed to apply to small, practically accessible quantum computers [15] . It replaces a bare twoqubit circuit with an encoded four-qubit circuit and an additional ancilla qubit. Here, a circuit includes both an initial state and a sequence of gates. In particular, we consider the initial states |00 , |0+ = |00 + |01 , and |Φ + = |00 + |11 (up to normalization). In the encoded circuits, these states are represented by entangled four-qubit states [15, 38] . Along with the encoding of states, there is a set of encoded gates to build a quantum circuit. In the present case, this set is given by {X1, X2, Z1, Z2, HHS, CZ}, where X1 and X2 denote bitflip gates, Z1 and Z2 denote sign-flip gates, HHS denotes the Hadamard gate on each qubit followed by swapping the qubits, and CZ denotes the controlled-phase gate [28] . A specification of how all bare and encoded circuits are implemented in the fault-tolerant scheme is given in [38] .
The aim is to compare the performance of a bare circuit to its encoded circuit for a representative set of circuits. To find such a set, we applied the procedure suggested in [15] for the maximum circuit length T = 10, the repetition parameter RP = 6, and the periodicity P = 3, yielding 465 circuits. In this Letter, we present the results for a selection of 15 circuits (see Table I ) that we consider representative of the performance of all 465 tested circuits.
Evaluating the performance of the circuits is done as follows. For the bare versions, a final measurement of the qubits produces a distribution p bare q3q4 of 2-bit strings q 3 q 4 . For the encoded versions, the same measurement produces a distribution of 5-bit strings q 0 q 1 q 2 q 3 q 4 . The encoding scheme then dictates that if the ancilla qubit q 0 is 1 or if the bit string q 1 q 2 q 3 q 4 includes an odd number of 1s (meaning that it does not correspond to an encoded basis state [15] ), it is discarded. The percentage of bit strings that are not discarded is called the postselection (PS) ratio r. These selected bit strings then constitute a new distribution p enc q3q4 , normalized by the PS ratio r. Both bare and encoded distributions can be compared to the theoretical distribution p theory q3q4
that an ideal gate-based quantum computer produces. The appropriate measure to compare these distributions is the statistical distance [35] 
In terms of these quantities, Gottesman's success criterion for fault tolerance is fulfilled if D enc < D bare for all circuits under investigation. Mathematical motivations suggesting a better performance of the encoded circuits are (1) the added redundancy in combination with post selection and (2) the fact that an encoded circuit needs two-qubit gates exclusively for the initial state preparation. However, eventually only a practical test can tell whether fault-tolerant schemes can improve the performance.
Qubits coupled to an environment. The first system in this study consists of five qubits (the quantum computer) and N E two-level systems representing the environment. This model is motivated by the experimental observation that the two-level systems formed by material defects constitute a major source of decoherence from the environment in recent superconducting quantum processors [24, 39, 40] . The Hamiltonian of the whole system reads
where σ α n for α = x, y, z denote the Pauli matrices for qubit n, and λ controls the coupling strength between the qubits and the environment. In the environment Hamiltonian H E , the couplings J (2) and (3), and the post-selection ratios (blue dots). All simulations were done with inverse temperature β = 1 and environment NE = 20. Lines connecting the data points are guides to the eye.
n ∈ {0, . . . , 4} is connected to a randomly chosen qubit j n ∈ {5, . . . , N E + 4} in the environment (all j n are different) with a random coupling strength |J α njn |λ ≈ 2λ. We assume in this model, and this is important in what follows, that the magnetic fields h α n and the couplings J x n can be controlled such that the time evolution of H Q implements the quantum gates perfectly (see [38] ). In other words, H Q describes a physical model of an ideal 5-qubit quantum computer which is free of control errors [5] . Hence the only source of errors in this model is the tunable interaction with two-level systems in the environment.
We solve the TDSE Eq. (1) with the piecewise timeindependent Hamiltonian Eq. (4) to machine precision by means of the Chebyshev polynomial representation of exp(−itH) [41, 42] to rule out that the results are polluted by numerical errors. The environment is prepared at an inverse temperature β using the random-state technology [43, 44] .
In Fig. 1 , the transition from weak coupling λ = 0.01 to strong coupling λ = 0.2 between the qubits and the environment is shown. We see that for the weakest coupling (see Fig. 1(a) ), the statistical distances for both the bare and the encoded circuits are nearly zero, and the post-selection ratios are practically 1. This shows that in this case, both bare and encoded versions perform almost perfectly (i.e. both produce the ideal result used in Eqs. (2) and (3)). This observation also demonstrates the correct implementation of the quantum computer by means of the model defined in Eqs. (4)- (7). To understand how λ affects the qubit coherence, we estimated the relaxation time T 2 by preparing the qubit along the positive x axis, evolving it in the presence of the environment, and fitting a damped oscillation to the decay of its projection on the x axis; see [45] for more information. We find that T In addition to the results shown in Fig. 1 , we have studied the performance of the circuits for 20 cases in the range from very weak to strong coupling, for different environment sizes N E ∈ {5, 20, 27} and inverse temperatures β ∈ {0, 1, 5}. All results resemble the characteristic features shown in Fig. 1(b) and Fig. 1 (c) (see also [38] ). This means that in all analyzed regimes, there are always some encoded circuits that perform worse than their bare equivalents. In other words, we did not find any case where the fault-tolerance test is passed.
One may ask whether this result violates the threshold theorems proven in [29] [30] [31] [32] , which obviously consider a Hamiltonian similar to Eqs. (4)- (7). The answer is that in the threshold theorems, the required threshold for λ is still orders of magnitude smaller than the ones we studied. Yet already in the case λ = 0.01 shown in Fig. 1 (a), both versions perform almost perfectly, and encoding still makes the result worse in some cases. We conclude that using a fault-tolerant protocol like the one suggested in [15] to overcome errors in a system dominated by twolevel defects is not necessarily helpful.
Transmon simulation. The second system is given by the circuit Hamiltonian of N tr = 5 superconducting transmons coupled by N res = 6 transmission-line resonators [46, 47] , a system that can be used to model IBM's publicly accessible quantum processors [4, 5] . The Hamiltonian reads
where i = 0, . . . , N tr − 1 enumerates the transmon qubits with capacitive energies E Ci , Josephson energies E Ji , number operatorsn i , and superconducting phase operatorsφ i . The resonators are labeled by r = 0, . . . , N res − 1 and described by their raising and lowering operatorsâ † r andâ r , respectively. Their frequencies are labeled Ω r and the capacitive coupling strength between transmon i and resonator r is denoted by G ri . Quantum gates on the transmons are implemented through external voltage pulses represented by n gi (t) [5] . A specification of all device parameters and pulse shapes including an image of the device topology is given in [38] . We simulate the transmon computer model defined in Eqs. (8)- (10) (2) and (3), and the postselection ratios (blue dots). All simulations were done by solving the TDSE for the Hamiltonian given in Eqs. (8)- (10) with time step τ = 0.001 ns. Lines connecting the data points are guides to the eye.
time-dependent Hamiltonian Eq. (8) using a second-order product-formula algorithm [5, 48, 49] with time step τ = 0.001 ns. The device parameters in Eqs. (8)- (10) and optimized gate pulses n gi (t) are chosen such that they represent a subset of five transmons and five resonators from the 16-qubit device ibmqx5 [4, 50, 51] . Additionally, a sixth resonator is included in the model to extend the connectivity such that all circuits of the fault-tolerant scheme can be implemented. This solves the problem faced in [20] where only a few non-representative circuits of the fault-tolerant scheme could be tested.
The results of the fault-tolerance test are shown in Fig. 2 for two different gate sets. The first gate set (see Fig. 2(a) ) consists of microwave pulses driven at the qubit frequencies. It shows equally good performance for both bare and encoded circuits, and the fault-tolerance criterion D enc < D bare is not satisfied. The second gate set (see Fig. 2(b) ) has been obtained by additionally optimizing the drive frequency [38] . Unlike the first gate set, it shows nearly perfect performance for all the encoded circuits. In particular, we find that the fault-tolerance criterion is satisfied for all but the circuit with ID 0 (corresponding to |00 , see Table I ). This exception is reasonable since without measurement errors, applying no pulse is obviously bound to perform better than applying the preparation pulses to encode |00 . For this reason, we additionally include a measurement error for each qubit such that with probability p, a measured bit 0 is erroneously counted as 1 and vice versa. As shown in Fig. 2(c) for the case p = 0.08, the fault-tolerance test (Color online) Test of the fault-tolerance criterion on the 16-qubit device ibmqx5 using the qubits (Q4, Q3, Q2, Q15, Q14) on (a) April 3, 2018, (b) April 9, 2018, and (c) April 19, 2018 . Shown are the statistical distances to the ideal result for the selected bare (dashed red line) and encoded circuits (solid green line) as defined in Eqs. (2) and (3), and the post-selection ratios (blue dots). Only the circuits that could be mapped on the topology were run on the real device. Lines connecting the data points are guides to the eye.
is passed for all circuits. Thus, in addition to the natural unitary errors inherently included in the full-time transmon simulation (cf. [5] ), a measurement error is essential to fulfill the fault-tolerance criterion for all circuits.
Physical transmon device. As a third system to test the fault-tolerance criterion, we utilize the 16-qubit device ibmqx5 provided by IBM [4] . Using the qubit mapping q 0 q 1 q 2 q 3 q 4 → Q 4 Q 3 Q 2 Q 15 Q 14 , this device provides the correct connectivity to run all circuits except the encoded circuits with initial state |00 (which was fixed in the transmon simulation by including an additional resonator). The results for 15 out of the 465 tested circuits are shown in Fig. 3 for three different calibrations. We observe that the performance of the device can vary for different calibrations such that the run on April 9, 2018 shown in Fig. 3(b) did not pass the test. However, our general finding is that many runs pass the fault-tolerance test for all circuits. By comparing the experimental results with the simulation results shown in Fig. 2(c) , we find that this observation still holds if the device is extended to support the complete set of circuits. Furthermore, a comparison with the simulation results shown in Fig. 1 demonstrates that the errors in IBM's quantum processors are not dominated by decoherence from material defects.
Conclusion. We have tested a full fault-tolerant protocol encoding two logical qubits on three complementary systems. Since the errors present in an actual application can be much more complicated than those assumed in the design of the protocol, it is by no means guaranteed that using a fault-tolerant protocol improves the computation. For instance, in a system dominated by decoherence from two-level defects in the environment, the fault-tolerance criterion was not satisfied. However, in a system dominated by both unitary control and measurement errors, we found that using a full fault-tolerant protocol can systematically improve a quantum computer's performance.
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as described in the main text. A schematic image of the system is shown in Fig. 1 . For this Hamiltonian, we solve the TDSE to machine precision by means of the Chebyshev polynomial representation of exp(−itH) [1] [2] [3] . By construction, the only source of errors in this model is the interaction with the environment controlled by the coupling strength λ. For λ = 0, the quantum computer model is designed to work perfectly. For this reason, the quantum gates in this model are not implemented by pulses but by choosing suitable parameters h α n and J α nm for H Q given by Eq. (2) [3] , and having the system evolve through the TDSE for a certain time t. The specific set of parameters for the gates used in the tested circuits is given in Table I . In particular, the two-qubit gate CNOT nm between qubits n and m is implemented through the gate sequence H n I nm H n , where I nm includes the σ (15)- (20)), implemented through the time evolution of HQ given in Eq. (2) . Each parameter h α n and J α nm is given in GHz, and the duration t of the corresponding gate is given in ns.
Gate h In addition to the results for λ ∈ {0.01, 0.1, 0.2} presented in the main text, we have studied the performance of the circuits for various intermediate coupling strengths, inverse temperatures β, and number of two-level systems in the environment N E . The results for intermediate coupling strengths are listed in Table II . Interestingly, the percentage of circuits performing better in the encoded case is not monotonous such that some of the circuits for λ = 0.025 perform better than for λ = 0.01. However, this distinction is very delicate since for such a weak coupling, both bare and encoded circuits perform nearly perfectly. In Fig. 2 , we present results for the dependence on the number of two-level systems in the environment. The errors are most pronounced in the smallest environment N E = 5, which is reasonable since the spurious interaction of two system qubits through the environment has a smaller path. When N E approaches larger numbers, the errors become less pronounced, but the observation that some of the encoded circuits perform worse than their bare equivalents remains. The dependence of the fault-tolerance test on β is shown in Fig. 3 . Although some influence of the temperature on the performance of the circuits can be observed, the qualitative results do not change. This means that the bare circuits outperforming their encoded versions are the same in each case. Hence in this system, the criterion for fault tolerance is not satisfied in any of the regimes under investigation. (5)-(7). The system represents a subset of the 16-qubit device ibmqx5 [4] with an additional resonator r5 to enable the implementation of all bare and encoded circuits. Without this resonator, the encoded circuits with initial state |00 cannot be implemented fault-tolerantly [5] .
The Hamiltonian governing the TDSE to describe five transmon qubits coupled by six resonators, as schematically shown in Fig. 4 , reads
where the relevant device parameters are summarized in Table III and Table IV . The TDSE for the time-dependent Hamiltonian given in Eq. (5) is solved numerically using the unconditionally stable Suzuki-Trotter product-formula algorithm [3, 6] We have verified that this basis accurately covers the system dynamics by comparison with exact diagonalization and with the simulation in the charge basis (see [7] where 17 levels were included for each transmon).
Quantum gates are implemented by choosing a particular pulse for n gi (t). As in the corresponding experiments [8, 9] , a single-qubit pulse on qubit i is defined by
where Ω G (t) is a Gaussian with amplitude Ω X , duration T X = 80 ns, and width σ = T X /4 (see [7] ), β X is the DRAG coefficient [10, 11] , f is the drive frequency, and γ is a phase parameter used to implement VZ gates [9] . The twoqubit CNOT gate is implemented using an echoed cross-resonance scheme [7, 8, 12] , in which the single-qubit pulses implementing the echo are realized by Eq. (8), and the flat top Gaussians are obtained from the same equation by choosing β X = 0 and Ω G (t) to rise for 0 ≤ t ≤ 15 ns with σ = 5 ns, stay constant at Ω CR for 15 ns < t < 15 ns + T CR , and fall again for 15 ns + T CR ≤ t ≤ 30 ns + T CR (see [7] for more information). The relevant parameters resulting from a Nelder-Mead optimization [13] are summarized in Table V and Table VI . In particular, we optimize two gate sets for the experiments, namely one without frequency tuning and one with frequency tuning. The ones without frequency tuning use the qubit frequencies ω from Table III as drive frequency. The ones with frequency tuning additionally optimize the drive frequency resulting in the values listed as ω dr in Table III . To distinguish between both gate sets, we attach the suffix -withf to the pulses with frequency tuning.
For each pulse, we evaluate various gate metrics such as the matrix distance ∆ used in the optimization [7] , the diamond distance η ♦ [14] , the average gate fidelity F avg [15] , and the unitarity u [16] . These metrics are reported in Table VII. TABLE III . Device parameters of the transmon Hamiltonian defined in Eq. (6) . All values are given in GHz. The charging energies EC and the Josephson energies EJ define the transmon qubits. The qubit frequencies ω have been obtained by preparing the respective qubit in the state |+ and all other qubits in the state |0 , having the entire system evolve for 1000 ns, and measuring the frequency of σ x (t) . The drive frequencies ω dr result from additionally optimizing this ω in the pulse optimization procedure of xpih. These frequencies are only used by the gate set labeled *-withf. Parameters defining the echoed cross-resonance pulses (CR2 in [7] ) to implement the CNOT gate. The drive frequencies fC and fT are given in GHz. The times TCR of the flat top in a cross-resonance pulse, the Gaussian pulse times TX , and the DRAG coefficients βC and βT are given in ns. The Gaussian drive amplitudes ΩCR and ΩC on the control qubit and ΩT on the target qubit are unitless. All pulses labeled *-withf represent pulses with frequency tuning, meaning that the drive frequency has also been optimized by the pulse optimization. Gate metrics resulting from the pulse optimization. ∆ is the distance objective, η ♦ is the diamond distance, Favg is the average gate fidelity, and u is the unitarity (see [7] for more information about these metrics). 
SPECIFICATION OF THE FAULT-TOLERANT SCHEME
The logical two-qubit states used in the fault-tolerant scheme are defined as
By linear combination, one can compute the encoded versions of the other two initial states considered in this study as
The physical four-qubit states are enumerated in increasing order as q 1 q 2 q 3 q 4 and an additional qubit q 0 is used as ancilla qubit. Using this labeling, the logical gates used in the tested circuits map to the physical gates according to
In Table VIII and Table IX , we give a specification of all gate sequences used to assemble the bare and encoded versions of the circuits to test the fault-tolerance criterion. 
Full set of tested circuits
In Table X , we give a list of all 465 circuits generated by the procedure suggested in [5] for the maximum circuit length T = 10, the repetition parameter RP = 6, and the periodicity P = 3. A representative result of the performance of all circuits on the IBM device is shown in Fig. 5 . This result undeniably demonstrates that encoding the circuits according to the fault-tolerant scheme improves the overall performance of the circuits. However, as already shown in the main text, the fault-tolerance criterion was not satisfied on all days that we ran the experiment. One such result is shown in Fig. 6 where some of the encoded circuits with initial state |Φ + have rather high statistical distances and low PS ratios. For the sake of completeness, we also present results for the full set of circuits tested in the decoherence model in Fig. 7 . 5 . Test of the fault-tolerance criterion for all circuits using the qubits (Q4, Q3, Q2, Q15, Q14) of the IBM 16-qubit device ibmqx5 on April 19, 2018 . Shown are the statistical distances to the ideal result for the selected bare (red plusses) and encoded circuits (green crosses), and the post-selection ratios (blue dots). Only the circuits that could be mapped on the topology were run on the real device. Lines connecting the data points are guides to the eye. 6 . Test of the fault-tolerance criterion for all circuits using the qubits (Q4, Q3, Q2, Q15, Q14) of the IBM 16-qubit device ibmqx5 on April 20, 2018. Shown are the statistical distances to the ideal result for the selected bare (red plusses) and encoded circuits (green crosses), and the post-selection ratios (blue dots). Only the circuits that could be mapped on the topology were run on the real device. Lines connecting the data points are guides to the eye. Test of the fault-tolerance criterion in the decoherence model using NE = 5, β = 1, and λ = 0.1 for the full set of circuits. Shown are the statistical distances to the ideal result for the selected bare (red plusses) and encoded circuits (green crosses), and the post-selection ratios (blue dots). Lines connecting the data points are guides to the eye.
